This survey of the theoretical literature on legislative and multilateral bargaining begins with the seminal work of Baron & Ferejohn (1989) . The survey then encompasses the extensions to bargaining among asymmetric players in terms of bargaining power, voting weights, and time and risk preferences; spatial bargaining; bargaining over a stochastic surplus; bargaining over public goods; legislative bargaining with alternative bargaining protocols in which players make demands, compete for recognition, or make counter-proposals; and legislative bargaining with cheap talk communication. 
INTRODUCTION
This paper surveys the theoretical literature on legislative and multilateral bargaining. Our inability to locate a specific definition of the term "legislative bargaining," although prevalent in the literature, makes this task difficult. Based on our discussions with other researchers, we ultimately concluded that it is one of those phrases that fits Justice Potter Stewart's memorable "I know it when I see it" categorization. Although tempting, this approach would not have allowed us establish the scope of our survey. Therefore, we begin our paper by first defining what is it that we intend to survey.
1
The word bargaining describes a process during which parties with conflicting interests attempt to reach a mutually beneficial agreement, and proposals on which agreement to reach arise endogenously. Multilateral bargaining describes bargaining situations involving three or more parties. By legislative and multilateral bargaining (henceforth legislative bargaining), we mean multilateral bargaining situations in which agreement requires less than unanimous consent and agreement on a proposal binds all parties.
The requirement of the endogeneity of the proposals emphasizes the difference between legislative bargaining and committee decision making.
2 As a result of our insistence that an agreement must bind all players, we exclude other important models of multilateral bargaining such as exit games, 3 decentralized trade, 4 models in which an active player bargains with passive players one at a time, 5 and, most importantly, the literature on coalition formation. A subset of this literature is closely related to legislative bargaining, 6 but to elaborate on these connections would exceed the space limit allowed. Instead, we refer the readers to the excellent surveys of Ray (2007) and Ray & Vohra (2015) . We also limit our attention to non-cooperative models of bargaining and refer to readers to Austen-Smith & Banks (1999 and Schofield (2007) for the cooperative approach. Legislative bargaining literature, launched by the seminal work of Baron & Ferejohn (1989) (henceforth BF) , is best viewed as a response to general inability of voting rules to produce stable outcomes.
7 Since Condorcet, it is well known that pairwise majority comparisons may produce cycles, and thus majority rule by itself is not able to offer predictions based solely on individual preferences. 8 One way to circumvent this problem is to impose restrictions on the set of feasible alternatives and on the preferences over the feasible alternatives. As shown by Black (1948) , if the policies can be represented by points on a real line and the preferences of individuals are single-peaked, then there exists an alternative which can defeat any other by a simple majority rule, i.e. the majority rule core is nonempty. Unfortunately, this result does not generalize to the multi-dimensional policy spaces. A rich literature starting with the seminal work of Plott (1967) established that when the policy space is multi-dimensional, the majority rule core is empty except for a very special configuration of preferences.
9
An alternative approach is to impose institutional structure on the process of decision making. One might conjecture that if the agenda is restricted, so that the voting includes only a finite number of steps, it is possible to make predictions about the policy outcomes. As shown by McKelvey (1976 McKelvey ( , 1979 , this conjecture is wrong however: any alternative can be defeated by any other through a sequence of pairwise comparisons. An implication of these results is that agenda control is valuable. This observation resulted in the emergence of a literature on agenda control which focuses on sophisticated voting under various types of agendas.
10 A related idea was the agenda-setter model of Romer & Rosenthal (1978) in which a single player has the exclusive right to make a single, take-it-or-leave-it proposal to other players, who must then vote either to accept or reject her proposal. In the socalled structure-induced equilibrium approach, different subsets of players (interpreted as committees) control the agenda for different dimensions of the multi-dimensional policy.
11
The BF model differed from the structure-induced equilibrium approach by considering See also Iaryczower & Oliveros (2016) for a model of decentralized legislative bargaining building on Gül (1989) . 5 See, for example, Cai (2000 Cai ( , 2003 . 6 Major contributions with closer connections to legislative bargaining include Chatterjee et al. (1993) , Okada (1996 Okada ( , 2000 Okada ( , 2011 , Seidmann & Winter (1998) , Ray & Vohra (1999) , Konishi & Ray (2003) , Gomes ( , 2015 , Gomes & Jehiel (2005) and Hyndman & Ray (2007) . 7 See the excellent survey by Inman (1987) on the earlier literature leading up to BF. 8 In fact, the Arrow (1951) impossibility theorem implies that the lack of a voting equilibrium is not confined to pairwise majority comparisons only, and no democratic voting procedure can consistently combine individual preferences into a social preference.
9 There is a vast literature on the existence of core policies. Austen-Smith & Banks (1999) provides a unified treatment of social choice theory including key theorems on the existence of core policies. 10 See, for example, McKelvey & Niemi (1978) , Miller (1980) , Shepsle & Weingast (1984) , Banks (1985) and McKelvey (1986) . 11 See, for example, Shepsle (1979) and Denzau & Mackay (1981) .
a simpler institutional setting, and from the agenda control and agenda-setter models by allowing all players to make proposals. Extending the seminal Rubinstein (1982) bilateral bargaining model of dividing a dollar under unanimity rule to multilateral bargaining under majority rule, BF were able to establish not only the existence of equilibrium but also the uniqueness of equilibrium payoffs. The resultant ability to make sharp predictions about bargaining outcomes then paved the way for numerous extensions and applications to government formation and dissolution, bicameralism, judicial review, executive veto power in legislatures, lobbying, class structure, international relations and trade, federal and local public policy, bankruptcy, business partnership, and bargaining in appellate courts. 12 Due to space limitations, we omit discussions of these applications and instead focus our survey on the theoretical extensions of the BF model. We begin our review in Section 2 with an analysis of the BF model of bargaining over the division of fixed surplus. Models of distributive politics without unanimity can lead to tension between a party's ability to extract surplus as a proposer and its attractiveness as a coalition partner. We show how this tension is resolved under various voting thresholds. In Section 3, we relax the restrictive symmetry assumptions pertaining to bargaining power and voting weights, as well as time and risk preferences. In legislative settings, it is common for policies to have an ideological component in place of or in addition to distributive policies and for the provision of public goods to accompany distributive decisions. These models which introduce new strategic trade-offs, are reviewed in Sections 4.1 and 4.3. As we shall see, agreement is typically immediate in these models due to losses associated with discounting. Section 4.2 introduces the possibility of a stochastic surplus, which can make waiting beneficial and thus can cause delays. Voting on a proposal made by a randomly recognized proposer is not the only way to approach legislative bargaining, and so, in Section 5, we consider the possibility of players making demands, competing for recognition, and making counter-proposals. In Section 6, we review the role of private information and communication in models of legislative bargaining and conclude in Section 7 with a brief discussion of important avenues for future research.
BARON-FEREJOHN MODEL
In their seminal contribution, Baron & Ferejohn (1989) present a sequential model of multilateral bargaining with majority rule. The game they consider is a standard "divide the dollar" game where an odd number of risk neutral players bargain over how to divide a cake of size one, and agreement requires the consent of a simple majority. In each period, one of the players in the set N = {1, . . . , n} is randomly recognized to make a proposal that specifies the division of the cake among n players, so the feasible set X is the (n − 1)-dimensional 12 See, for example, Austen-Smith & Banks (1988 , Baron (1991 Baron ( , 1993 Baron ( , 1998 Baron ( , 2018 , Lupia & Strøm (1995) , Diermeier & Feddersen (1998) , Diermeier & Merlo (2000) , Baron & Diermeier (2001) , Diermeier et al. (2002 Diermeier et al. ( , 2003 , Bassi (2013) on government formation and dissolution, Diermeier & Myerson (1999 ), McCarty (2000b , Ansolabehere et al. (2003) Kalandrakis (2004a) , Diermeier et al. (2007) , Parameswaran (2018) on bicameralism, Vanberg (1998) on judicial review, McCarty (2000a) on executive veto power in legislatures, Persson (1998) , Helpman & Persson (2001) , Bennedsen & Feldmann (2002) , Levy & Razin (2013) on lobbying, Diermeier et al. (2017) on class structure, Tarar (2005 Tarar ( ), Ç elik et al. (2013 , Bils & Spaniel (2017) on international relations and trade, Adams et al. (1996) , Persson et al. (1998) , Persson et al. (2000) , Woon & Anderson (2012) , Albouy (2013) on federal and local public policy, Eraslan (2008) on bankruptcy, Baranski (2016a) on business partnerships and Parameswaran et al. (2017) on bargaining in appellate courts.
unit simplex. The probability that player i is selected to be the proposer, referred to as her recognition probability, is 1 n . If at least n−1 2 other players accept the proposal, then it is implemented; otherwise, the process is repeated in the next period. The utility of player i if the proposal x is implemented in period t is δ t xi, where δ is the common discount factor for all players. If agreement is never reached, then each player's utility is zero. BF show that no meaningful predictions can be made without restricting the strategies followed by legislators. If there are at least five players, and they are allowed to take the history of play into account when making decisions, then anything can happen: any distribution of payoffs, including the ones with total benefits strictly less than one, can arise in equilibrium. The underlying intuition is that if history matters, one can induce a wide variety of behavior by threatening to punish deviators. Faced with this indeterminacy, they restrict attention to equilibria in which all players use stationary strategies, i.e. strategies that do not depend on the current date and past history.
13,14
A stationary behavioral strategy for each player consists of a random offer to make as a proposer, and for each possible offer x ∈ X by each other player, a probability of accepting the offer x as a responder. Fix an equilibrium strategy profile σ, an let vi denote the continuation payoff of player i under this strategy profile, that is, vi is the payoff i will obtain at the end of any period discounted back to the beginning of that period if the players continue to play σ in all future periods. Now consider the optimal response under σ by player i when the proposal on the table is x. Assume, as BF do, that players do not use weakly dominated strategies. Player i is better off accepting the proposal if xi ≥ vi and rejecting it if xi < vi.
15
Thus, any proposal that player j makes with positive probability in equilibrium can be written as . Given the payoff vector v, this nails down the support of any equilibrium proposal strategy by player j.
Consider now the following problem:
This problem differs from the original problem because its minimizers correspond to mixed proposals rather than pure proposals. Clearly, any solution r j to problem (1) can be represented as a weighted average of the solutions to the original problem for some nonnegative weights that add up to 1. Using the one-shot deviation principle, one can then represent 13 Baron & Kalai (1993) show that the stationary equilibrium characterized below is the unique simplest equilibrium of the corresponding automaton game. Measuring complexity in terms of past information used to determine actions, Chatterjee & Sabourian (2000) show that that noisy Nash equilibrium with complexity costs leads to the unique stationary equilibrium in bargaining games with unanimity rule.
14 There is a strand of the literature that studies equilibria with history-dependent strategies. See Cho & Duggan (2009 ), Cho & Duggan (2015 , Herings et al. (2017) , Herings et al. (2018) .
15 Assuming players accept when indifferent is without loss of generality. See footnote 5 in Eraslan (2016) .
the equilibrium payoffs as
for all j, where r j = (rj1, . . . , rjn) solves (1). Thus v = (v1, . . . , vn) is an SSP equilibrium payoff vector iff (1) and (2) are satisfied for all j. Let's assume, as BF do implicitly in their proof of Propositions 3 and 4, that equilibrium is symmetric, that is, vi = vj = v for all j. Then (2) can be written as
where µj is the joint probability that player j is not the proposer and is included in others' coalitions. Clearly, symmetric payoffs are possible only if µj is constant, that is, all players are included in winning coalitions by other players with equal probability. This, in turn, implies that µj = n−1 2n for all j. Intuitively, since each proposer includes only n−1 2 players among n − 1 others in her coalition, the probability of being included in the coalition of any other proposer is 1 2
. Since the probability that player j is not the proposer is n−1 n , it follows that µj = n−1 2n
. Plugging this in (3) and solving for v, we obtain v = δ n . Thus, conditional on being included in someone else's winning coalition, each player can expect to receive a larger piece of the cake if there are fewer players or if the players are more patient.
The fact that the proposer's share 1 − n−1 2 v exceeds v has two implications. First, since v is the continuation payoff of all players, any proposer can receive v if she passes the opportunity to make an offer or makes an offer that is unacceptable to at least n−1 2 others. But since 1 − n−1 2 v > v, these alternatives yield a lower payoff to the proposer. Hence agreement is immediate in equilibrium.
16 Second, there is a gain from proposing since v is the maximum payoff a responder can receive while the proposer receives 1 − n−1 2 v. The difference between the proposer's cake share and the cake share of any winning coalition member, given by 1− n−1 2
, is the proposer's surplus. The fact that proposer's surplus is positive is also known as formateur advantage. Note that the proposer's surplus is increasing in n and decreasing in δ. Clearly as the players become more patient, the proposer has to give up a larger share of the cake to have her proposal accepted. The fact that the proposer's surplus is increasing in the number of players is less obvious. On the one hand, when there are more players, each player expects to receive a smaller share conditional on not being the proposer. On the other hand, there are now more players to include in the winning coalition. The former effect dominates since the proposer is able to play off players against each other. In fact, as the number of players approaches infinity, the proposer captures 1 − δ 2 , which is almost half of the cake.
17
The equilibrium characterization established so far is for a bargaining game with simple majority rule. Simple majority is a special case of a q-quota rule where agreement on a proposal requires approval by q players. As BF point out, the equilibrium characterization directly extends to any q-quota bargaining game. When selected as the proposer, any player offers v to q − 1 other players. By arguments similar to above, µj = n−1 n q−1 n−1
. Consequently, v = δ n for all q. While the continuation payoffs do not depend on the agreement rule, the proposer's surplus 1 − q δ n does and is decreasing in q as expected. Notice that we defined v to be the continuation payoff discounted back to the current period. Thus at the beginning of the first period, the expected payoff of each player is 1 n . This makes sense: total size of the cake is 1, agreement is reached immediately, and by symmetry, each player receives a fraction 1 n of the cake in expected terms. Although the symmetric equilibrium payoff is unique, there are a continuum of equilibrium strategies, including asymmetric ones, that support it. As an example, consider a three player game. In one equilibrium, when selected as the proposer, player 1 includes player 2 in her coalition, player 2 includes player 3, and player 3 includes player 1. In another equilibrium, all players randomize and include each of the other players with equal probability. This means there is no hope of uniqueness of equilibrium strategies, 18 but perhaps one can hope for uniqueness of equilibrium payoffs without imposing the symmetry restriction. We now turn to this and other extensions.
ASYMMETRIC PLAYERS

Recognition Probabilities and Discount Factors
Suppose now players are heterogeneous with respect to their recognition probabilities and discount factors. Let pi ∈ [0, 1] and δi ∈ [0, 1) denote player i's recognition probability and discount factor respectively, and assume
Equations (1) and (2) corresponding to the q-quota game become
for all j, where r j = (rj1, . . . , rjn) solves (4) for all j. Analogously, v = (v1, . . . , vn) is an SSP equilibrium payoff vector if and only if it satisfies (5) for all j. There are two special cases where the solution to (4) does not depend on v. When q = 1, i.e. under random dictatorship, each player includes every other player with probability 0. It immediately follows that for all j vj = δjpj. 6.
When q = n, i.e. under unanimity rule, each player includes every other player with probability 1. Substituting rij = rji = 1 for all i, j in (5), we obtain
for all j where aj = Matters become complicated for all other q. This is because when a proposer has multiple equal cost coalitions she can choose from, the choice she makes does not affect her payoff but may affect the payoffs of others. As a result, contraction mapping theorem is not applicable since the payoff vector v is a fixed point of a correspondence, not a function.
19
Eraslan (2002) establishes the uniqueness of the SSP payoff vector by first establishing certain monotonicity properties of the equilibrium payoffs, 20 and then using these monotonicity properties to rule out the existence of two different equilibrium payoffs. Intuitively, the idea is as follows. Since each proposer needs at least one other vote but not all other votes, if player i included less often in others' winning coalitions in the equilibrium with payoff vector v compared to the equilibrium with payoff vectorv, then another player j must be included more often. The fact that player i is included less often and player j more often makes i's vote relatively cheaper and j's vote relatively more expensive. But then it is optimal for others to include player i more often, not less often. This argument is not complete because i's and j's payoffs also depend on the costs of their coalitions when they are the proposers. The monotonicity properties allow us to enumerate players in the order of payoffs and use this enumeration to establish a link between the cost of coalitions for player i and player j for a given equilibrium. That link, in turn, allows us to limit the changes in the equilibrium payoffs across equilibria arising from the changes in the cost of coalition partners. Together with the fact that the probability of being included in others' coalitions move in the opposite direction of the changes in payoffs, this limit implies a contradiction to the possibility of two different equilibrium payoff vectors. Importantly, the payoff vq of the q-th cheapest player and the cost of her coalition, denoted by wq = i =q rqivi, play an important role in establishing the links between the costs of coalitions of any two players in the proof above. These two variables also play a crucial role in the alternative proof of uniqueness due to . Specifically, he shows that the knowledge of the (wq, vq) pair together with the recognition probabilities and the discount factors is sufficient to recover a payoff vector v (wq, vq) as a linear function of wq and vq.
21 The coefficients of wq and vq in player i's payoff v i (wq, vq) depend on whether i can be classified as a low cost player who is always included in others' coalitions (i.e. v i (wq, vq) < vq), or a high cost player who is never included in others' coalitions (i.e. v i (wq, vq) > vq). If neither is true, then i is classified as a medium cost player (i.e. v i (wq, vq) = vq). This payoff vector is an equilibrium payoff vector if and only if i v i (wq, vq) = 1 and
where L(wq, vq) = {i ∈ N : v i (wq, vq) < vq} is the set of players classified as low cost. In other words, the (w q , v q ) pair corresponding to v (wq, vq) must be equal to (wq, vq) . Thus, to show that the equilibrium payoff vector is unique boils down to showing the existence of a unique solution to a piecewise linear bivariate system of equations. shows that this is indeed the case.
Having established uniqueness of the equilibrium payoffs, a natural question to ask is: how does the payoff a player vary with her recognition probability or her discount factor? One implication of the monotonicity properties established in Eraslan (2002) is that when players have identical discount factors, their payoffs are nondecreasing in the recognition probabilities, i.e. if δi = δ for all i, then pi ≤ pj implies vi ≤ vj. This property, in turn, implies that the assumption in BF that equilibrium is symmetric is not restrictive since the model they consider involves symmetric players.
Another implication of the monotonicity properties is that when players have identical recognition probabilities, their payoffs are nondecreasing in the discount factors, i.e. if pi = 1 n for all i, then δi ≤ δj implies vi ≤ vj.
22 This immediately implies that conditional on being included in someone else's winning coalition, a player's cake share (weakly) increases as she becomes more patient. Not so obvious is the implication that a player's cake share (weakly) increases as she becomes more patient conditional on being the proposer as well. To see, enumerate the players so that δ1 ≤ . . . ≤ δn. Then, the cost of coalition for any player i ≥ q is equal to wq, and therefore conditional on being the proposer, all players {q, . . . , n} receive the same cake share. In addition, for any i, j ≤ q, we have wi + vi = wj + vj. Thus, for any i < j ≤ q, the fact that vi ≤ vj implies that wi ≥ wj. This, in turn, implies that conditional on being the proposer, i's cake share is smaller than that of j. But these do not tell the whole story. The ex-ante expected payoffs of a player at the beginning of the game could be decreasing as she becomes more patient. To see, consider the following example. There are 3 players with linear preferences, equal recognition probabilities, and the discount factors are δ1 = 0.5, δ2 = 0.65 and δ3 = 0.95. Under majority rule, the equilibrium payoffs are v1 = 0.194, v2 = 0.223 and v3 = 0.255. Letṽ = (ṽ1,ṽ2,ṽ3) denote the undiscounted payoff vector, i.e. the ex-ante expected payoffs at the beginning of the game. Then vi = δiṽi for all i and we haveṽ1 >ṽ2 >ṽ3. Kawamori (2005) shows that this is more general: if sufficiently patient players with linear preferences have similar recognition probabilities, then player i's payoff is given by
in any q-quota game with q ∈ {2, . . . , n − 1}. Consequently, all players receive the same payoff which does not depend on q or the recognition probabilities. This, in turn, implies that the ex-ante expected payoffs are decreasing in discount factors in any non-unanimity game with sufficiently patient players who have similar recognition probabilities.
23
From the discussion above, we know that a more patient player is better off conditional on being the proposer, and conditional on being included in someone else's coalition. In light of this, it might be puzzling that a more patient player could be worse off ex-ante.
22 Note that here we are talking about discounted payoffs consistent with the characterization above. By contrast, the payoffs in Eraslan (2002) are undiscounted, and consequently, Corollary 2 in that paper is not correct. See Corollary 2 in Eraslan (2016) for a corrected statement and footnote 3 in the same paper for further details and acknowledgments.
23 It is important to notice the necessity of non-unanimity rule and sufficiently patient players for this result. Indeed, iis straightforward from (6) and (7) that v j /δ j is increasing in δ j for when q = 1 or q = n. Kawamori (2004) fully characterizes the equilibrium payoffs of a three player game with equal recognition probabilities for all triplets of discount factors. He also provides numerical examples which illustrate that ex-ante payoff of a player could be increasing in her discount factor under non-unanimous rules in line with what intuition would suggest.
But notice that a player's equilibrium payoff is determined by two endogenous factors: the cost of her coalition when she is the proposer and the probability of being included in others' coalitions. It turns out that being more patient could make a player a less attractive coalition partner, and hence decrease the probability of being included in the coalition of others. This decrease in the probability of being invited to join others' coalitions could then make a player worse off ex-ante as she becomes more patient.
Weighted Voting and Coalitional Bargaining
The analysis up to this point assumed that players have equal voting weights, but in legislative settings it is also natural to allow different players to have different weights in the voting over approval of a proposal. This generalization is of interest from the point of view of other applications as well. In corporate bankruptcies governed by Chapter 11 in the U.S., creditors who are owed more have larger voting weights. One share, one vote is standard in corporate law and corporate governance, which translates into larger shareholders having larger vote shares. Other examples include the European Union Council of Ministers and the International Monetary Fund.
One way to represent heterogeneous voting weights under q-quota bargaining game is by introducing a new variable ωi to capture voting weight of player i, and require that proposal x is accepted if i∈A(x) ωi ≥ q where A(x) is the set of players who vote to accept x.
24
The combination [q; ω1, . . . , ωn] is a representation of the voting stage within the bargaining game. Given representation [q; ω1, . . . , ωn], a coalition C ⊂ N is a winning coalition if and only if i∈C ωi ≥ q.
One complication with weighted voting games is that there may be multiple ways to represent the same bargaining situation. For example, the representations [4; 3, 2, 2] and [2; 1, 1, 1] induce the same set of winning coalitions. A representation is homogenous if all winning coalitions have the same total voting weight. Homogeneous representations are preferred since they provide a more accurate representation of the voting power of the players. In the example above, all three players are in a symmetric position since any two of them can form a winning coalition but the non-homogenous representation [4; 3, 2, 2] is not symmetric. Unfortunately, not all voting games have a homogenous representation, 25 and some games have multiple homogenous representations.
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Because of these complications, it is convenient to describe heterogeneous voting weights via the (unique) collection of winning coalitions they induce. Eraslan & McLennan (2013) (EM1) follow this approach. For each i there is a collection Si = {Si1, . . . , SiK i } of subsets of N , called winning coalitions for i. When i is the proposer, agreement is reached if the set of agents voting in favor is an element of Si. As a matter of convention assume that i is a member of every coalition in Si. For each i and S ik ∈ Si letS ik ∈ {0, 1} n be the vector whose j th component is 1 if j ∈ S ik and 0 otherwise. Let Yi ⊂ [0, 1] n be the convex hull of {S ik : S ik ∈ Si }. Equation (4) describing optimal proposals now becomes
24 See Snyder et al. (2005) and Montero (2017) . 25 See pages 1291-1292 in Weber (1994) An interesting question to ask is in this framework is: how does the payoff of a player vary with her voting power? The coalitional approach is not amenable to answer or even ask this question. This is because the voting power is measured by the collection Si and it is not clear whether any two arbitrary collections can be ranked in terms of the voting powers they imply. Because of that, it is useful to go back to the weighted voting approach to tackle this question despite the challenges discussed earlier. Snyder et al. (2005) (STA) resolve the problems created by nonhomogeneity by analyzing a "replicated" game with no discounting. Specifically, in the weighted voting game with representation [q; ω1, . . . , ωn] is replicated r times there are rn players r of which have voting weight ωi and recognition probability pi for each i = 1, . . . , n. STA consider two possibilities for the recognition probabilities. In the first case, the recognition probabilities are proportional to the voting weights which is a realistic assumption given the empirical patterns.
29 In this case, STA show that, for a sufficiently large r, each player's payoff is proportional to her voting weight, i.e. it equals her recognition probability. In the second case, each player has the same recognition probability. This is a more useful assumption for answering how a player's payoff varies with her voting power holding fixed her proposal making power. STA show that there are two types of equilibria in this case. When the voting weights are not too skewed, each player's payoff is proportional to her voting weight as before. But when the voting weights are highly skewed, it is possible that voters with low voting weight can have a disproportionately high payoff due to their proposal powers. This is reminiscent of Kalandrakis (2006) who shows that proposal power is in general much more significant in determining a player's payoff than her voting power. 30 At the extreme, when one player has veto power, that player extracts all the surplus as the players become perfectly patient.
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27 Eraslan & McLennan (2013) also allow that no proposer is selected in any period with probability p 0 ≥ 0. That generalization would modify (5) by adding δ j p 0 v j to the right hand side.
28 S i is monotonic if C ∈ S i and C ⊂ C implies C ∈ S i . Any q-majority rule induces monotonic collections of winning coalitions which in addition satisfy for any i, j ∈ N and S ∈ S i , either S ∈ S j or S ∪ {j} \ {i} ∈ S j . 29 See, for example, Diermeier & Merlo (2004) .
30 Ali et al. (2018) argue that the predictability of recognition process is the main source of bargaining power. In particular, under a q-quota rule the current proposer can extract all surplus if q − 1 players can be ruled out as the next period proposers. Related observations are made in Breitmoser (2011) and Kim (2018a,b) . The former assumes that the order of several first proposers is known in advance, while in the latter the players whose proposals have been previously rejected cannot propose again until all other players have also proposed. Bernheim et al. (2006) consider a game in which the policy is implemented at a known future date and the order of proposers is known. In their model, the last player to propose has an almost dictatorial power.
31 Winter (1996) establishes this result in a legislative bargaining model in which the winning coalitions are exogenously and randomly chosen and the division of the surplus within the coalition is endogenous. He states that all the results hold true a BF style legislative bargaining model with endogenous winning coalitions when the players have equal recognition probabilities.
In summary, STA find support for " Gamson's Law" 32 in games replicated a finite (but potentially large) number of times when the recognition probabilities are proportional to the voting weights, but not when the recognition probabilities are equal. This raises the question: does Gamson's Law continue to hold with proportional recognition probabilities in small (non-replicated) games? Montero (2017) answers this question, strengthening an earlier result of Montero (2006) .
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Given a weighted voting game [q; ω1, . . . , ωn], let W * = argmin S∈S i∈S wi denote the collection of winning coalitions with minimum total weight. The collection W * is weakly balanced if there exists λS ≥ 0 for each S ∈ W * such that {S∈W * : i∈S} λS = 1 for all i ∈ N .
34 If the equilibrium payoffs of the players are proportional to their voting weights, then the set of coalitions that are likely to form belongs to W * since they are the cheapest.
Balancedness condition captures the idea that no player should be systematically overrepresented or underrepresented in the set of cheapest coalitions. An implication of Montero (2006) is that weak balancedness of W * is sufficient for the existence of an equilibrium with proportional payoffs. Montero (2017) shows that it is also necessary.
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It is worth noting that the main result of Montero (2017) holds irrespective of the discount factor as long as it is the same for all players. As noted earlier, heterogeneous discount factors could result in more patient players being worse off ex-ante. A similar result arises when the players are asymmetric with respect to their utility functions: unlike in bilateral bargaining, 36 a less risk averse player could be worse off ex-ante in a multilateral bargaining with unanimity rule. We now turn to discussing this result.
Preferences
So far we assumed that players have identical and risk neutral preferences. Harrington (1990b) considers a legislative bargaining model in which players are risk averse and heterogeneous with respect to risk aversion. Specifically, the utility of player i if proposal x is implemented in period t is now given by δ t ui(xi) where ui is increasing, twice differentiable, concave and normalized so that ui(0) = 0 and ui(1) = 1. In order to rank players according to their risk aversion, assume that ui+1(·) = hi(ui(·)) where hi : [0, 1] is increasing, 32 Gamson's Law is a hypothesis that was first proposed in Gamson (1961) and states that "Any participant will expect others to demand from a coalition a share of the payoff proportional to the amount of resources which they contribute to a coalition" without specifying what "payoff" or "resource" mean. Following Ansolabehere et al. (2005), here we take "payoff" to mean ex-ante equilibrium payoff and "resource" to mean "voting weight". 33 See also Kurz et al. (2014) . These three papers show a connection between equilibrium payoffs and nucleolus -a solution concept in cooperative game theory introduced by Schmeidler (1969) . Some other cooperative solution concepts include the core, stable set, bargaining set, and Shapley value. See Osborne & Rubinstein (1994) and references therein.
34 Bondareva (1963) , Shapley (1967) and Scarf (1967) show that balancedness plays an important role in the existence of core points. A collection of weights {λ S } S⊆N is balanced if λ S ≥ 0 for all S ⊆ N and for each i ∈ N holds {S⊆N : i∈S} λ S = 1. If W * is weakly balanced, then the collection of all winning coalitions S is also weakly balanced. Therefore, Montero's condition implies that S∈S λ S ≤ 1 for some balanced collection of weights, while the Bondareva-Shapley condition for non-empty core requires this to hold for any balanced collection of weights.
35 Note that this condition is logically independent of homogeneity: it fails for some homogeneous representations, such as [5; 3, 2, 2, 1], and holds for some games that have no homogeneous representation, such as [5; 2, 2, 2, 1, 1, 1].
36 See Roth (1985) .
twice-differentiable and concave function for all i and satisfies hi(0) = 0 and hi(1) = 1. The assumption that player i+1's utility function is a concave transformation of player i's utility function ensures that player i + 1 more risk-averse than player i. Players are symmetric with respect to their discount factors, recognition probabilities and voting weights.
37
Equations (1) and (2) and
for all j, where r j = (rj1, . . . , rjn) solves (11) for all j.
Comparing players' payoffs is subtle because they have different preferences. Harrington (1990b) first considers unanimity rule and shows that u
, that is, less risk-averse players receive higher cake shares conditional on being included in others' coalitions.
38 He then shows that the ex-ante equilibrium probability distributions over cake shares can be ranked by first-order stochastic dominance. This allows him to show that less risk-averse players receive a higher cake share in expected terms as well, consistent with the results from alternating-offer bilateral bargaining. Intuitively, when player i is not the proposer, she faces the choice between a certain outcome and a non-degenerate lottery which she can obtain by accepting the proposal and rejecting it respectively. More riskaverse players require a lower cake share to prefer acceptance to rejection, and therefore, being relatively risk-averse is disadvantageous under unanimity rule. For q ∈ {2, . . . , n − 1}, results are restricted to the case when preferences are not too diverse. Harrington (1990b) shows that for each q there exists an SSP equilibrium, and each player has identical reservation price, i.e. u −1 i (vi) = u −1 j (vj) for all i, j. Thus, the degree of risk aversion does not affect a player's cake share conditional on being included in someone else's coalition. Consequently, a more risk-averse player has a higher chance of being included in others' coalitions. This is because players have different degrees of risk aversion and face lotteries with the same outcomes, and so it must be that the probabilities of these outcomes vary. Since the probability of being a proposer is fixed, then what must be different is the probability of being included in others' coalitions. The lotteries faced by players are again ranked in terms of first order stochastic dominance, but now more riskaverse players face better lotteries. It is worth noting that analogous to Kawamori (2005) results associated with discounting discussed in section 3.1, these results are established only when then the preferences are heterogeneous but not too heterogeneous.
An alternative way to introduce heterogeneity in preferences is through externalities. Calvert & Dietz (2005) consider a variant of the BF model in which player i's payoff from proposal x = (x1, . . . , xn) is given by j∈N aijxj where aii = 1 and aij ≤ 1 for all i, j. Thus each player places the highest value in her own cake share, but she might also value 37 Technically, Harrington (1990b) does not have discounting. Instead, δ is the exogenous probability of breakdown. He motivates this interpretation as a motivation for having a role for risk preferences. But as in bilateral bargaining, the two interpretations are strategically equivalent. See, for example, Osborne & Rubinstein (1990, Section 4.2) .
38 Though Harrington (1990b) does not show it, this result would also hold for q = 1 the shares received by other players to varying degrees. 39 They use this model to show that party-like behavior is possible even when two players are not in the same party.
ALTERNATIVE FEASIBLE POLICIES
Common with the BF model, the literature discussed in Section 3 focuses on legislative bargaining where the decision is entirely distributive and players bargain over a fixed amount of a private good. In this section, we discuss the way the literature has extended the BF model by relaxing the three assumptions emphasized in the previous sentence.
Spatial Bargaining
The main limitation of the distributive approach is that it does not inform us about the relationship between legislative behavior and the ideological positions of the legislators. With distributive policies, one legislator's gain is another legislator's loss, which allows proposers to target other players and make the members of the winning coalition exactly indifferent between accepting and rejecting a proposal. This is no longer possible when bargaining over ideological policy as players can have preferences that are aligned at least on some subset of the policy space. The relative position of legislators in the ideological space becomes one of the main determinants of equilibrium outcomes.
40
The first paper to extend the BF model to spatial bargaining is Baron (1991) , which examines the case of a two-dimensional set of alternatives, three voters with quadratic preferences with an application to government formation in a parliamentary system. Richer policy spaces are introduced by Banks & Duggan (2000) and Jackson & Moselle (2002) . The bargaining process is the same as in the BF model. The main difference is that the feasible set X is now assumed to be a non-empty, compact, and convex subset of R d with d ≥ 1.
41
Player i's utility from implementing policy x in period t is given by (1 − δ t−1 i )ūi + δ t i ui(x) whereūi is the payoff from the status quo policyx.
42
Letting ∆(X) denote the set of all probability measures on X, a stationary behavioral strategy for each player consists of a pair (πi, Ai), where πi ∈ ∆(X) is a random offer to make as a proposer, and Ai is the set of proposals that i votes to accept as a responder. Fix an equilibrium strategy profile σ, an let vi denote the continuation payoff of player i under this strategy profile. Assuming player i accepts an offer when indifferent, we have Ai = {x ∈ X : ui(x) ≥ vi}. Recall from section 3.2 that Si is the collection of winning coalitions for player i. Thus an offer x is acceptable when i is the proposer if and only if x ∈ Aj for all j ∈ C for some C ∈ Si. Let A i denote the set of all offers acceptable when i is the proposer. When selected as the proposer, player i either offers the best alternative from A i , or delays by proposing a policy in X \ A i . Thus the equilibrium condition on the optimal proposals analogous to (10) is πi(argmax x∈A i ui(x)) = 1 13.
39 Choate et al. (2018a,b) use this idea to study the role of partisanship and empowerment of leaders respectively.
40 Distributive models in which legislators cannot be targeted due to the availability of a limited number of policy levers can be viewed as spatial models. See, for example, Martin (2018) .
41 See Herings & Houba (2016) for a model without convexity.
42 By settingū i = 0, u i (x) = x i for all i, d = n and X to be the (n − 1)-dimensional unit simplex, we obtain the BF model. One-dimensional models of bargaining are obtained by setting d = 1.
if sup x∈A i ui(x) > vi resulting in agreement; πi(X \ A i ) = 1 when sup x∈A i ui(x) < vi(σ) resulting in delay; and πi(argmax x∈A i ui(x)) + πi(X \ A i ) = 1 otherwise. Of course, in equilibrium, the continuation payoffs must be consistent with the equilibrium strategies:
Banks & Duggan (2000) (BD) assume thatūi = 0 and ui(x) ≥ 0 for all i and x ∈ X, and show the existence of an SSP equilibrium with no delay. They also provide conditions under which pure strategy equilibria exist. Unlike in distributive models, it is no longer natural to assume that no agreement is the worst outcome in spatial models. Banks & Duggan (2006) show that if some players favor the status quo, then it is possible to have delays in equilibrium under very specific circumstances. 43 In that case, the only possible outcome is the status quo itself. Since such delays can be avoided by proposing the status quo, there always exists a stationary equilibrium in which every proposal made passes as well. Thus there is typically immediate agreement in this framework. It is possible to establish the uniqueness of SSP equilibria in one-dimensional models under certain conditions.
44 It is not surprising that equilibria in multi-dimensional models are not generally unique even when utility functions are quadratic. Using the model of Baron (1991) , BD provide an example that illustrates this point. Not so obvious is the observation that the equilibrium payoffs need not be unique either. BD provide a two-dimensional, three-player, majority-rule example in which multiple equilibrium payoffs arise.
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An important focus of the spatial bargaining literature is the equivalence of the equilibrium outcomes and the core. A policy x is in the core if there is no winning coalition C and another policy x with ui(x ) > ui(x) for all players i ∈ C. BD show that in certain environments a policy x is the unique outcome of some no-delay SSP equilibrium if and only if x belongs to the core.
46 Specifically, when players are perfectly patient and utility functions are strictly quasiconcave, core equivalence holds if the policy space is one-dimensional or if some individual has a veto power. 47 Intuitively, if policy x is not in the core, then there exists a winning coalition C and alternative policy y such that ui(y) > ui(x) for all i ∈ C.
If players in C are sufficiently patient, they prefer to veto x in anticipation that y will be eventually proposed. When the collection of winning coalitions is proper, 48 coalition C can 43 If all players are risk averse or if limited transfers are possible, then delay is only possible if the status quo lies in the core.
44 Cho & Duggan (2003) show that the no-delay SSP equilibrium is unique for all discount factors when utility functions are quadratic. With fixed orders of proposals, Cardona & Ponsatí (2007) show uniqueness when δ < 1 and utility functions are symmetric around the ideal points, or when players are sufficiently patient. They also prove that equilibrium outcomes converge to a unique limit as δ → 1. With random recognition, Cardona & Ponsatí (2011) achieve uniqueness when utility functions have the same shape but different ideal points, and Predtetchinski (2011) shows that the set of accepted proposals converges to a single policy with arbitrarily patient players. 45 See examples 2 and 3 in BD respectively. 46 As mentioned in the introduction, the existence of core points typically requires placing restrictions on policy space and/or preferences. Nakamura number (Nakamura (1979) ) plays an important role in many results of this kind. Again, we refer the reader to Austen-Smith & Banks (1999) for a detailed account.
47 Core equivalence fails in one-dimensional models when recognition probabilities follow a Markov process. See Herings & Predtetchinski (2010) .
48 A collection S of winning coalitions is proper if C ∈ S implies N \ C ∈ S. Any q-quota rule with q ≥ n+1 2 induces a proper S.
indeed prevent x to pass. With quadratic utility functions, if the voting rule is "strong" (e.g., majority rule with an odd number of individuals), and if a core point exists, then core equivalence once again obtains. Another early and influential paper extending BF model to allow spatial bargaining is Jackson & Moselle (2002) (JM) . They study a model in which legislators bargain over both distributive and ideological issues.
49 Their setup allows the distributive issue to serve as a compromise tool in choosing an ideological policy, similar to the role that transfers play in other social choice settings. This is especially important when the players' preferences vary in the intensities over the ideological issue, increasing the opportunities for compromise. Players have separable preferences over the two dimensions which is single peaked over the ideological dimension and is strictly increasing in her share on the distributive dimension. As in BF, players are randomly chosen to make offers, and a proposal is accepted if a majority votes for it, otherwise the process is repeated. A novel feature of the JM model is that players can have partial agreements. In particular, the proposer can make offers on either issue or both issues. If agreement is reached on both issues, the game ends. If an agreement is reached on one issue only, the process is repeated with the restriction that the remaining proposals can consider the remaining issue only.
Focusing on a class of SSP equilibrium, 50 JM show that an accepted proposal distributes the private good among an exact majority in any equilibrium. Agreement is reached immediately on both issues if players have concave utilities and δ < 1, or have strictly concave utilities. 51 Intuitively, it is not optimal to separate the decisions on the two issues even if the preferences are separable in order to take advantage of the distributive issue as a compromise tool. When players are sufficiently patient and utility functions are concave, each player i is excluded from a proposal with positive probability, in a sense that following such proposal player i would strictly prefer to delay if she could. This means that with positive probability an equilibrium proposal wins the approval of ideologically disjoint legislators.
52
JM show that the equilibrium outcomes are Pareto-inefficient when utility functions over ideology are strictly concave and players are sufficiently patient. This suggests that political institutions may play a role of weeding out such inefficiencies. In particular, a political party that has a simple majority can provide a strict improvement for the party members over the non-party equilibrium outcomes. JM consider examples where predictions can be made concerning the structure of stable parties and the equilibrium policies that would emerge in the presence of parties.
49 Austen-Smith & Banks (1988) and Diermeier & Merlo (2000) are two earlier papers in which players bargaining over ideological policy can make transfers.
50 They extend the definition of stationary strategies to allow strategies to depend on the previously approved proposal following an agreement on one of the issues.
51 If the players are perfectly patient, then the distributive policy is accepted immediately in every equilibrium but delays are possible on the ideological issue. Immediate agreement on the distributive issue arises due to the risk of being excluded from the distributive proposal. Median policy is accepted at some point later on.
52 Christiansen et al. (2014) call such subsets of players strange bedfellow coalitions and provide an experimental evidence that the median player is often excluded from a proposal in a version of JM game with three players.
Stochastic Bargaining
An important aspect of the preceding analysis is that the set of agreements available to players does not change over time. As a consequence, delay is costly due to discounting. By contrast, when bargaining is over complex environments and a complete set of contingent contracts are not available, the set of agreements may change during negotiations. As a result, the players may find it optimal to delay agreement until uncertainty is resolved and more efficient contracts can be implemented. To allow for the possibility of such delays, we now relax the assumption that the cake to be divided is fixed and consider a stochastic bargaining framework introduced by Merlo & Wilson (1995) (MW1) .
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At the beginning of each period, the size of the cake s to be divided is determined according to an identically and independently distributed distribution F with support [0,s] . In all other aspects, the game is the same as the BF model. An important consequence of a stochastic cake process is the possibility of delays in agreement in equilibrium. This happens whenever some player perceives that a better agreement may be achieved by waiting. To allow for this possibility, let α(s) denote the endogenous probability that agreement is reached in a symmetric SSP equilibrium when the cake to be divided is of size s. Let v denote the corresponding SSP payoff which is identical for all players by the symmetry assumption. In equilibrium, α(s) = 1 if s > qv, α(s) = 0 if s < qv and v must satisfy
Intuitively, conditional on agreement when the cake size is s, the expected payoff of any player is s n by symmetry, and in the event of a disagreement, each player receives her continuation payoff. This is a special case of (EM2) who allow general recognition probabilities. When q = n, it is also a special case of MW1 and Merlo & Wilson (1998) (MW2). MW1 characterize both the set of subgame perfect (SP) payoffs and the set of stationary subgame perfect (SSP) payoffs for a general class of games in which the shape of the cake is relatively unrestricted. They give an example in which the unique SSP outcome is Pareto-inefficient. In this example, players reach immediate agreement even though their expected payoffs could be increased by waiting. MW2 restrict attention to case where the cake is a simplex of random size as in the model we consider in this section. They establish the uniqueness of SSP equilibrium and show that equilibrium is efficient even though it may involve delays. An important feature of their model is that the set of states in which agreement is reached doesn't depend on the proposer: when all the players have veto power, the interests of all players are aligned in their pursuit of the optimal time to agree.
By contrast, EM2 show that equilibrium need not be unique under majority rule. Furthermore, even when the equilibrium is unique, it need not be efficient. To illustrate this point consider the following example. There are 3 players, δ = 0.99 and F is uniform on {1, 2}. In the unique equilibrium under unanimity rule, agreement is reached only when s = 2. By MW2, this is the only efficient outcome.
54 However, other outcomes are possible under other agreement rules. In particular, under majority rule, there are two other equilibria, one in which agreement is always reached, and another in which α(2) = 1 and α(1) = 0.94. Intuitively, when agreement only requires approval of q < n players, in any equilibrium only q players are included in a proposal. This creates an asymmetry between the players who are included and the players who are excluded. This asymmetry generates an incentive for players who are offered a positive share of the surplus today to agree even if the current level of surplus is small, since some of them (perhaps all) may be excluded from future agreements. Knowing that her proposal would be accepted, the same argument may then induce a proposer to make a proposal when the level of the realized surplus is small. In fact, the risk of being excluded gets larger as q goes down resulting larger incentives to agree too soon. In the example above, when q = 1, there is a unique equilibrium in which agreement is always reached which is inefficient. Stochastic bargaining has also been used to analyze fairness issues. Eraslan & Merlo (2017) study a model where players are heterogeneous with respect to the potential surplus they bring to the bargaining table. They show when the players are sufficiently patient, the equilibrium allocations are less equitable for more inclusive voting rules.
Bargaining Over Public Goods
When bargaining over distributive policies, legislators not only decide the allocation of private goods but can often allocate some amount to a public good. Volden & Wiseman (2007) 55 (VW) study an extension of the BF model in which proposals specify allocation y to a single public good and private spending xi for each legislator i such that y + i xi ≤ 1. Player i's utility is ui(y, x) = αxi + βy where α > 0 and β > 0 so the marginal rate of substitution between collective and particularistic goods is identical and constant for all players. The fact that both the private goods and the public good comes from the same finite resource makes the model distinct from that of Jackson & Moselle (2002) . VW show that there is a nonmonotonic relationships between preferences for public good spending and SSP equilibrium allocation to the public goods. In particular, a lower relative marginal value of the public good might result in higher equilibrium spending on the public good. The assumption of a constant marginal rate of substitution leads to two extreme results. First, when collective spending is positive, at most one player (the proposer) receives a private allocation; and second, when players become perfectly patient, either all or none of the budget is allocated to public spending. With these observations, Cardona & Rubí-Barceló (2014) extend VW model to quasi-linear preferences. They also study general q-quota rules.
56
54 Yıldırım (2018) shows that there can be inefficient early agreement even under unanimity rule when the recognition probabilities are endogenous. 55 See also Volden & Wiseman (2008) correcting an error. 56 Other papers that consider provision of public goods in legislative bargaining include Baron (1996) , Besley & Coate (1998) , LeBlanc et al. (2000) , Battaglini & Coate (2007 , Battaglini et al. (2012) , Christiansen (2013) , Bowen et al. (2014 Bowen et al. ( , 2017 . Most of these papers study environments with endogenous status quo and we defer our discussion of them to our companion survey paper Eraslan et al. (2019) .
ALTERNATIVE BARGAINING PROTOCOLS
In this section we discuss models with alternative bargaining protocols which allow players to compete for making proposals, make demands or make counterproposals. Before moving on to discussing these models, it is worth mentioning that in their seminal work, Baron & Ferejohn (1989) 
Endogeneous Proposer Selection Rules
As discussed earlier, (i) the BF model predicts that there is a positive proposer's surplus resulting in gains to being proposer; (ii) expected payoff of a player is increasing in her recognition probability when players have identical discount factors; and (iii) proposal rights play a significant role in determining political power. As a consequence, players have incentives to influence the selection of the proposer. This section is based on Yıldırım (2007) who incorporates an endogenous proposer selection process in legislative bargaining.
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The model is an extension of the n-player BF model with heterogeneous discount factors and q-quota rule. At the beginning of each period, players simultaneously exert costly efforts in a contest which determines the recognition probabilities for that period. Specifically, given an effort profile e t = (e1,t, . . . , en,t) in period t, player i incurs a cost of ciei,t in period t where ci > 0, and her recognition probability in that period is given by When the history of efforts is (e 0 , . . . , e t ), player i's payoff is given by δ
i ei,τ if agreement is reached on allocation x t in period t, and it is given by −ci t τ =0 δ τ i ei,τ agreement is never reached. As usual, attention is restricted to SSP equilibria. The SSP 57 Banks (1985) considers an alternative framework of amendment procedure via a binary agenda. In his setting amendments are collected in advance and voted on in a sequential order under majority rule. The first alternative in the order is viewed as the status quo and the second alternative is an amendment. The winner between the first two alternatives becomes the next status quo and is pitted against the next amendment, and so on. By contrast, in the BF model, amendments arise endogenously and depend on the status quo.
58 There are other legislative bargaining models with endogenous proposer selection rules. In Ali (2015), the right to be a proposer is sold in an all-pay auction. In Diermeier et al. (2015) and Diermeier et al. (2016) , the recognition probabilities are determined through bargaining before bargaining over policy takes place. In McKelvey & Riezman (1992) , McKelvey & Riezman (1993) , Muthoo & Shepsle (2014) and Eguia & Shepsle (2015) , recognition probabilities are determined through seniority which is endogenously determined through elections at the end of each legislative session. Cardona & Polanski (2013) study the effects of the voting quota on the social cost of rentseeking in a spatial bargaining model. Gomes (2017) allows all players to simultaneously propose which coalitions they want to join.
59 Yıldırım (2007) allows more general functions but we focus on the simplest case here.
payoffs are now given by:
where r i = (ri1, . . . , rin) solves min r ∈[0,1] n n j =i r j vj subject to n j =i r j = q − 1.
17.
An important consequence of endogenous proposer selection rules is that inefficiencies arise in equilibrium due to socially wasteful activities. The size of the inefficiency depends on the net prize each player expects to win by being the proposer and marginal cost of effort. Under q-quota rule, the net prize for agent i is given by
It is straightforward to see that the net prize for player i is given by 1 − j vj under unanimity rule. Since this is identical for all players, two players with the same marginal cost exert the same effort in equilibrium regardless of their discount factors. The discount factors affect the size of the inefficiency, however. In particular, when the marginal cost of effort is the same for all players, the social cost decreases as the group becomes more heterogeneous in their discount factors in the sense of mean preserving spread. Intuitively, such an increase necessarily introduces tougher bargainers to the mix, which, in turn, decreases prize from proposing. Likewise, when all players have the same discount factor, the social cost decreases as the group becomes more heterogeneous in their marginal costs of effort.
The net prize for agent i under the q-quota rule with q < n depends the discount factors of the players. All else equal, more patient players have a higher expected payoff and have higher benefits from proposing. Consequently, more patient players exert higher effort. Unlike the unanimity rule, the most expensive players need not be included in the winning coalition. This means the social cost can increase as the group becomes more heterogeneous. When the players have identical discount factors and marginal costs, the social cost becomes smaller as the voting rule becomes more inclusive.
In the model discussed above effort is transitory and has no effect on future recognition probability. By contrast, when effort is persistent, it is exerted once and for all determining the recognition probabilities for all future periods. Yıldırım (2010) shows that the distribution of surplus is more unequal with persistent recognition under unanimity rule.
Demand Bargaining
The models discussed up to this point are based on complete proposals which specify the payoff each player would receive if the proposal is accepted. Nash (1953) considered an alternative approach to bargaining that is based on demands rather than proposals, and Binmore (1985) was first to study a three-player case. In demand bargaining over distributive policies, players sequentially announce the share of the surplus they demand in order to participate in a coalition. When the bargaining is over both distributive and ideological policies, the players also announce the ideological policy they demand when it is their turn. If a winning coalition of players makes compatible demands, then the game ends. If no winning coalition with compatible demands emerges, then the process is repeated in the following period.
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Morelli (1999) introduces a demand model of legislative bargaining with weighted majority. 61 In this model, the Head of State chooses the first mover, and the latter chooses the order in which the parties formulate demands. If agreement is not reached after T periods, the game ends with no player receiving any surplus and median voter's ideal policy is implemented. Morelli shows that when there are three players and any two players comprise a minimal winning coalition, the first proposer is indifferent between the two possible orders in any subgame perfect equilibrium, and the surplus is split evenly between the two players who make the first and second demand in the first period. This implies that, unlike in the BF model, there is no formateur advantage in this case.
62,63 It was initially thought that this result generalized to more than three players. However, Montero & Vidal-Puga (2007) give an example with five players in which one of the players can extract all surplus when chosen as the first proposer. Thus, the ability to choose the order of play results in extreme formateur advantage. 64 Proportionality is restored when players are restricted to make demands in order of decreasing voting weight, as shown in Montero & Vidal-Puga (2011) .
Rejecter-Friendly Protocols
Another approach to reducing the formateur advantage is to give the potential coalition partners an ability to make counter-proposals. This leads to the rejecter-proposer model of legislative bargaining, first considered by Kawamori (2013) , 65 in which the player who first rejects the current proposal becomes the next proposer. There is a predetermined initial proposer and a predetermined order on each possible winning coalition specifying the order in which players who are offered positive allocations vote in any given period. In all other respects, the model is identical to Eraslan (2002) and Kawamori (2005) . As in these papers with uniform recognition, any proposer chooses q − 1 other least patient players as 60 In Binmore's model, if there are no compatible demands after all players make demands, the process is repeated without voiding the existing demands. In the legislative bargaining papers discussed in this section, the existing demands are voided at the beginning of each period.
61 Although Morelli allows both distributive and spatial bargaining, our discussion in the section focuses on the distributive bargaining case.
62 In BF model with T periods and a common discount factor the proposer's share equals 1 − δ 3 in the symmetric subgame perfect equilibrium. Symmetry implies that each responder is included in the winning coalition with 1 2 probability in each period, and therefore the continuation values equal δ n in period t ≤ T − 1. Norman (2002) shows that infinitely many allocations can be supported in asymmetric SP equilibria in BF model when T is finite and players have the same discount factor. He also shows that the equilibrium is typically unique with heterogeneous discount factors.
63 Using experimental data, Fréchette et al. (2005a) and Fréchette et al. (2005b) found that the formateur advantage is usually present in three players divide the dollar games in which no player has enough votes to form a winning coalition on their own, but this advantage is less strong than predicted by the BF model.
64 Breitmoser (2009) shows that formateur advantage exists in a demand bargaining model when the proposer reacts to the demands of other players, rather than making the first demand.
65 Rejecter-proposer protocols are often used in the bargaining models of coalition formation, e.g. see the seminal works by Chatterjee et al. (1993) and Ray & Vohra (1999) . Kalandrakis (2004b) and Britz et al. (2010 Britz et al. ( , 2014 study models in which the identity of the previous rejecter determines the distribution from which the new proposer is drawn. In Britz et al. (2015) this distribution depends on the current state, which, in turn, depends on the previous state and rejecter.
coalition partners in any SSP equilibrium. When players have the same discount factor, each proposer's payoff is smaller in the rejecter-proposer model, reflecting a stronger bargaining position of potential rejecters. Kawamori (2013) shows that, somewhat surprisingly, when the discount factors are sufficiently high and heterogeneous, a patient player can be better off under the rejecter-proposer model.
ALTERNATIVE INFORMATION STRUCTURES
Legislative policy-making typically involves speeches and demands by legislators that may shape the proposals made by the leadership. Absent commitment, such demands are not compatible with complete information, which was the maintained assumption in the literature discussed so far. Chen & Eraslan (2013 , 2014 introduce cheap talk communication into legislative bargaining with privately informed individual legislators.
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In both papers, three players bargain over an ideological and a distributive decision. Player 0, called the chair, is in charge of formulating the proposal z = (y, x), where y ∈ R is a one-dimensional ideological policy and x = (x0, x1, x2) is a distributive policy. The set of feasible distributions is X = {x ∈ R 3 : 2 i=0 xi ≤ c, x1 ≥ 0, x2 ≥ 0} where xi denotes the private benefit of player i and c ≥ 0 is the size of the surplus available for division.
67
Player i's payoff from policy z = (y, x) is given by ui (z, θi,ŷi) = xi + θiv (y,ŷi) , whereŷi ∈ R is player i's ideal point (ideological position), and θi > 0 is the weight that player i places on her payoff from the ideological decision relative to the distributive decision. In Chen & Eraslan (2013) CE1 distinguishes between bundled bargaining and separate bargaining. In the bundled game, the chair makes a proposal on the ideological dimension and the distributive dimension simultaneously, and the two dimensions are accepted or rejected together. By contrast, in the separate game, the chair makes one proposal only on the ideological dimension and another only on the distributive dimension, and each proposal is voted upon separately. Unlike in the bundled game, it is possible that a proposal on one dimension passes while the proposal on the other dimension does not. CE2 restrict attention to the bundled bargaining game.
Communication from the players 1 and 2 can be helpful since the chair is unsure how much of the surplus he has to offer to a player to gain support for an ideological policy decision. This communication takes the form of cheap talk messages, and each player announces her type before the chair formulates his proposal. Agreement rule is majority rule. Assuming, without loss of generality, that the chair votes for his own proposal, this means that at least one of players other than the chair needs to vote for the proposal for it to pass. In the bundled game, if the proposal does not pass, status quo s = (ỹ,x) prevails whereỹ ∈ R andx = (0, 0, 0) . In the separate game, voting over each policy is separate, and the relevant status quo policy prevails if a policy does not pass.
Both papers focus on the class of simple equilibria. 68 When the uncertainty is over ideological weights, the player whose ideological position is furthest from the chair's cannot be informative. The player whose ideological position is closer to the chair's can convey only limited information, no matter how close she is. In particular, a "compromise" message is sent when the closest player puts relatively small weight on the ideological dimension. In this case, the chair offers her a private transfer in return for supporting a policy improvement. However, when the closest player puts a relatively large weight on ideology, then no compromise is possible. Then a "fight" message is sent and a status quo is implemented. In contrast to complete information models, bargaining with two players may result in lower ex-ante expected payoff to the chair than bargaining with a single player who has veto power. This is because the competition between the players results in less information being transmitted in equilibrium. Despite the separable preferences, bundling is always beneficial as in Jackson & Moselle (2002) . By contrast, when the uncertainty is over ideological positions, bundling the issues may result in lost surplus and less information being transmitted.
CONCLUDING REMARKS
In this article, we reviewed the legislative bargaining literature starting with the seminal work of Baron & Ferejohn (1989) . Throughout, we focused exclusively on research where bargaining is once and for all, whereas many real life legislative bargaining situations involve recurrent, often perpetual, negotiations. Among many possible applications, budget negotiations is a prime example of such perpetual negotiations. Starting with Baron (1996) for the spatial case, and Epple & Riordan (1987) and for the distributive case, an active and growing body literature focuses on this recurrent nature of legislative bargaining. 69 In these models, there is a new negotiation in each period, and, if agreement is not reached in any given period, then the status quo prevails in that period. This status quo depends endogenously on the outcome of the negotiations in the previous period.
Because of space limitations, we reserve the survey the literature on legislative bargaining with endogenous status quo for our companion paper Eraslan et al. (2019) . A considerable body of research recognizes the importance of information on politics in particular 70 and on bargaining in general. 71 Information can affect legislative and multilateral bargaining in three important ways. First, the players may be uninformed about each other's preferences, and such incomplete information has implications for the timing and terms of the agreement. 72 Second, when bargaining over ideological policies, the play-ers may be uncertain about the effects of chosen policies on final outcomes, and therefore about their own preferences over policies. 73 Third, the proposers may strategically leave some players "in the dark", thereby endogenously creating an imperfect information environment. 74 Incorporating asymmetric information into legislative and multilateral bargaining is a challenging and important avenue for future research. In cooperative game theory, the influence of players in a simple game is measured using power indices.
75 Legislative bargaining games are simple games with additional parameters, namely recognition probabilities and discount factors. To obtain a power index for the models surveyed in this survey, one can take a limit of equilibrium payoffs (for recognition probabilities that are uniform or proportional to voting weights) as the common discount factor converges to one. One can also consider the inverse problem of designing a weighted voting game to achieve a given vector of power. This inverse problem for cooperative power indices has recently attracted attention in the economics literature and in the algorithmic game theory literature.
76
Our survey focused on the theoretical literature on legislative bargaining. There is now a sizable literature on the experimental and empirical research on legislative bargaining, each deserving its own distinct surveys.
77 One important challenge to additional research on estimation of legislative bargaining models is computational. and Uyanık (2017) provide algorithms for computing the equilibrium payoffs for the Eraslan (2002) and Eraslan & McLennan (2013) models, respectively. The development of algorithms for the other models discussed in this survey would pave the way for additional empirical research.
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are privately informed about their discount factors. 73 Bond & Eraslan (2010) study a model in which a proposer makes a take-it-or-leave-it offer to a group, and the group members are uncertain about the value of the offer relative to the status quo. They show that unlike in the strategic voting literature, the group members can be better off under unanimity rule. Moreover, unanimity rule can be the Pareto-dominant voting rule. 74 See, for example, Baliga & Serrano (1995) and Noe & Wang (2004) . 75 For example, the Shapley-Shubik power index (Shapley & Shubik (1954) ) and the power indices of Banzhaf (1965), Deegan & Packel (1978) , and Johnston (1978) . 76 See, for example, Alon & Edelman (2010), Kurz (2012) and Kurz (2016) . Its analogue for a non-cooperative power index described above is an open problem.
77 For experimental research, in addition to the papers we have already cited, see, for example, Drouvelis et al. (2010) , Agranov & Tergiman (2014) , Baron et al. (2017) , Baranski (2018) , Agranov et al. (2018) . This literature demonstrates a gap between theoretical predictions and the behavior of subjects in the lab. To explain this gap, Nunnari & Zápal (2016) modify BF model by introducing erroneous beliefs about the recognition process and assuming that best responses are imperfect. They structurally estimate the resulting model using experimental data. For empirical papers using field data with close ties to standard theory reviewed in this survey, see, for example, Merlo (1997) , Diermeier et al. (2003) , Knight (2004 Knight ( , 2005 Knight ( , 2008 ; Diermeier & Morton (2005) , Ansolabehere et al. (2005) , Adachi & Watanabe (2007) , Eraslan (2008) , Le Breton et al. (2012) , Proost & Zaporozhets (2013) , Thomas & Zaporozhets (2017) and Koh (2018) .
